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1. Introduction
The recent search for a putative quantum spin liquid (QSL) state in three-dimensional
(3D) pyrochlore lattice quantum spin ice (QSI) has led to a new proposal of quantum
spin Hamiltonian devoid of the debilitating quantum Monte Carlo (QMC) sign problem
in a wide range of the parameter regime [1, 2, 3]. Recently, Carrasquilla et al. [3], have
studied the projected 3D QSI Hamiltonian of Huang, Chen, and Hermele [1] onto a 2D
frustrated Kagome´ lattice with a [111] crystallographic field. They have explored this
model by an explicit finite temperature QMC simulations and identified the interactions
that promote a QSL state. In a recent study, we have complemented the QMC analysis
using linear spin wave theory [4]. In that study, we found that quantum fluctuations are
suppressed in the quantum Kagome´ ice model, hence the semiclassical analysis captures
a broad trend of the quantum phase diagram and ground state properties uncovered by
QMC [3].
However, there remains the possibility of the XY limit of the quantum Kagome´ ice
(QKI) model. The XY model essentially controls the dynamics of the fully frustrated
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system, [1, 3] and it forms the basis of ultra-cold atoms trapped in quantum optical
lattices [5, 6, 7]. The quantum XY model is also known to describe quantum magnetic
insulators and quantum Hall bilayer systems [8]. Thus, it is crucial to understand the
nature of the XY limit of this model. We consider the hardcore boson model
H = −t
∑
〈lm〉
(
b†l bm + b
†
mbl
)
− t′
∑
〈lm〉
(
b†l b
†
m + bmbl
)
− µ
∑
l
nl, (1)
where t and t′ are the hopping amplitudes between neighbouring sites, µ is a chemical
potential, b†l (bl) are the bosonic creation (annihilation) operators at site l, and nl = b
†
l bl
is the occupation number. This Hamiltonian maps to XY model via the Matsubara-
Matsuda transformation [9], S+l → b†l , S−l → bl, Szl → nl − 1/2,
H = −
∑
〈lm〉
J±±
(
S+l S
+
m + S
−
l S
−
m
)
+ J±
(
S+l S
−
m + S
−
l S
+
m
)−Hz∑
l
Szl , (2)
where S± = Sx ± iSy are operators that flip the spins at site l, t → J±, t′ → J±±,
and µ → Hz. The Hamiltonian 2 corresponds to the XY limit of QSI model [1, 3]. A
crucial observation in this model is that the sign of J±± is irrelevant. It can be changed
by a pi/2-rotation about the z-axis: S±l,m → ±iS±l,m, leaving the other terms invariant.
Hence, the ground state of Eq. 2 is independent of the sign of J±± but depends on the
sign of J± for non-bipartite lattices. We consider J± > 0. The usual hard-core bosons
is recovered when J±± = 0 [10, 12, 14, 11, 15, 16, 13, 17, 18]. The effects of dominant
J±± is well-pronounced only on non-bipartite lattices, and it has not been reported in
the existing literatures on the Kagome´ lattice.
The goal of this paper is to provide the estimated values of the thermodynamic
quantities for the quantum Kagome´ ice hardcore bosons in the dominant t′ limit. For this
purpose we study the nature of Eq. 2, focusing mainly on large J±± limit. Henceforth,
we take J±± as the energy unit and consider the Hamiltonian
H = −1
2
∑
〈lm〉
[ (
S+l S
+
m + S
−
l S
−
m
)
+ ∆
(
S+l S
−
m + S
−
l S
+
m
) ]
−Hx
∑
l
Sxl −Hz
∑
l
Szl , (3)
where 0 ≤ ∆ = J±/J±± ≤ 1. The external magnetic fields are introduced to enable
the calculation of magnetizations and susceptibilities. The Hamiltonian 3, retains Z2-
invariance in the x-y plane when Hx = 0, that is a pi-rotation about the z-axis in spin
space: Szl,m → Szl,m, S±l,m → −S±l,m. At Hx,z = 0, the limits ∆ = 0 and ∆ = 1 correspond
to the isotropic Z2-invariant XY model and the fully polarized Sx (Ising) ferromagnet
respectively. We present an analysis based on the semiclassical large-S expansion and
we show that the estimated values of our analysis are in good agreement with finite
temperature QMC simulation by Carrasquilla ‡ on the Kagome´ lattice.
‡ The QMC results were provided by J. Carrasquilla from his analysis of the fully frustrated system
in Ref. [3].
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Figure 1. Color online. (a) The three-sublattice (A, B ,C) Kagome´ lattice with
canted ferromagnet. (b). Brillouin zone of the Kagome´ lattice indicating the high
symmetry paths Γ = (0, 0); K = (2pi/3, 0); M = (pi/2, pi/2
√
3).
2. Linear spin wave theory
2.1. Mean-field theory
In the mean-field analysis or large-S limit, the spin operators in Eq. 3 are replaced with
classical vectors: Sl = Snl, where nl = (sin θl cosφl, sin θl sinφl, cos θl) is a unit vector.
For this model, there is only one possible phase at zero magnetic fields — an easy-axis
ferromagnet (FM) resulting from the spontaneously broken Z2 symmetry along the x-
direction. This phase becomes a canted ferromagnet (CFM) for small Hz. For large
Hz, there is a fully polarized (FP) ferromagnet, with the spins aligned along the z-axis.
Both ferromagnets are described with θl = θ and φl = 0, hence the classical energy is
given by
ec = −ζ (1 + ∆) sin2 θ − hx sin θ − hz cos θ, (4)
where ec = Ec/NS2, N is the total number of sites, and ζ = 2, 3 on the Kagome´ and
the triangular lattices respectively, and hx,z = Hx,z/S. Minimizing the classical energy
with respect to θ yields
hx = tan θc[hz − 2ζ (1 + ∆) cos θc], (5)
hence
ec(θc) = ζ (1 + ∆) sin
2 θc − hz sec θc, (6)
where θc is a function of hx. At hx = 0, we get hz = h
c
F cosϑc and the corresponding
energy is ec(θc = ϑc) = −ζ (1 + ∆) (1 + cos2 ϑc), where hcF = 2ζ(1 + ∆) is the critical
Quantum Kagome´ ice hardcore bosons 4
field between the CFM and the FP. For hx  1, the energy is obtained perturbatively
in hx:
ec = ec(hx = 0) + hx
∂ec(θc)
∂hx
∣∣∣∣
hx=0
+ · · · , (7)
where ec(hx = 0) = ec(θc = ϑc).
2.2. Holstein-Primakoff transformation
We perform linear spin wave theory (LSWT) by rotating the coordinate about the y-axis
so that the z-axis coincides with the local direction of the classical polarization. The
corresponding rotation matrix is
Ry(θ) =
 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ
 . (8)
Next, we employ a three-sublattice Holstein-Primakoff transformation [19] with the
bosonic creation and annihilation operators, a†lα and alα [20] respectively, where α =
A, B, C labels the three sublattices on the Kagome´ lattice as depicted in Fig. 1(a).
After Fourier transform, the linearized momentum space Hamiltonian is given by
H = S
∑
k,α,β
(M0αβδαβ +M−αβ) (a†kαakβ + a†−kαa−kβ) (9)
+M+αβ
(
a†kαa
†
−kβ + a−kαakβ
)
,
where α, β = A,B,C and the coefficients are given by M0 = ξ diag (1, 1, 1), with
ξ = (hz cos θ + hx sin θ) /2 + ζ(1 + ∆) sin
2 θ, and the matrices M± differ only by a
pre-factor:
M± = −χ± (1−∆)
2
Ω (10)
where χ = (1 + ∆) cos2 θ and Ω is given by
Ω =
 0 cos k1 cos k2cos k1 0 cos k3
cos k2 cos k3 0
 ; (11)
with kj = k · eˆj; eˆ1 = −
(
1/2,
√
3/2
)
; eˆ2 = (1, 0) ; eˆ3 =
(−1/2,√3/2). The eigenvalues
of Ω are given by
ω1 = −1; ω2,3 = 1
2
(
1±
√
1 + 8gk
)
; (12)
where gk = cos k1 cos k2 cos k3. The Hamiltonian 9 is diagonalized in two steps [20].
Firstly, we make a linear transformation
akα =
∑
µ
Uµα(k)dkµ, (13)
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where Uαµ(k) is a unitary matrix constructed from the eigenvectors of Ω associated with
the eigenvalues ωα. Secondly, we apply the Bogoluibov transformation
dkα = ukαβkα − vkαβ†−kα; u2kα − v2kα = 1. (14)
The resulting Hamiltonian is diagonalized with
u2kα =
1
2
(
Akα
kα
+ 1
)
; v2kα =
1
2
(
Akα
kα
− 1
)
, (15)
and
Akα = ξ + (1−∆)ωkα +Bkα; Bkα = −χ+ (1−∆)
2
ωkα. (16)
The energy is given by kα =
√
A2kα −B2kα. The diagonal Hamiltonian is given by
H = S
∑
k,α
kα
(
γ†kαγkα + γ
†
−kαγ−kα
)
. (17)
For the triangular lattice, there is only one sublattice. We obtain
Ak = ξ + 3(1−∆)gk +Bk; Bk = −χ+ 3(1−∆)
2
gk, (18)
with ξ = (hz cos θ + hx sin θ) /2 + 3(1 + ∆) sin
2 θ, χ = 3(1 + ∆) cos2 θ, and gk =
(cos kx + 2 cos kx/2 cos
√
3ky/2)/3. The corresponding Hamiltonian is diagonalized in
a similar way, however, without the sublattice indices.
2.3. Excitation spectra
The features of the quantum Kagome´ ice hardcore bosons can be understood by
analyzing the momentum-dependent eigenfrequencies given by εkα = 2kα. The energy
bands for the Kagome´ lattice are plotted in Fig. 2 along the Brillouin zone paths in
Fig. 1(b) for ∆ = hx,z = 0 (isotropic limit) and ∆ = 0.25; hx = 0; hz = ±4.5. We also
show the energy band on the triangular lattice in Fig. 3. The excitation spectra of
Eq. 2 are fully gapped on both lattices for all ∆ between 0 and 1 for hx,z = 0. The gap
persists at all values of the magnetic field hz ≤ hcF and hx = 0. The absence of a zero
(soft) mode in the quantum Kagome´ ice hardcore bosons is a direct consequence of the
discrete Z2 symmetry of Eq. 2. For the triangular lattice, a roton minimum occurs at
the corners of the Brillouin zone for ∆ = hx,z = 0, i.e., at QK = (±4pi/3, 0) and the
symmetry related points, whereas the dispersion has a maximum peak at QΓ = (0, 0).
This is in stark contrast to pure U(1)-invariant XY model.
2.4. Ground state energy
The spin wave correction to the mean field energy is given by
∆E = Eg − Ec = S
∑
k,α
[kα − ξ]. (19)
The correction to the ground state energy as a function of hz is plotted in Fig. 4 for
the Kagome´ lattice. The triangular lattice has a similar trend. We see that the trend
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Figure 2. Color online. The plots of the energy bands for the Kagome´ lattice at
hx = 0: ∆ = 0 = hz (a); ∆ = 0.25; hz = ±4.5 (b).
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Figure 3. Color online. The plot of the energy band on the triangular lattice at
hx = 0 and several values of ∆ and hz. There is only one band for each parameter.
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Figure 4. Color online. The spin wave zero point quantum correction as a function
of hz on the Kagome´ lattice at the isotropic Z2-invariant limit ∆ = hx = 0; S = 1/2.
The U(1)-invariant model is plotted at the corresponding isotropic limit.
of the quantum Kagome´ ice hardcore bosons is different from that of the U(1)-invariant
XY model. In particular, the energy of the isotropic Z2-invariant model at ∆ = hx = 0
does not vanish at the saturated point hz = h
c
F . The estimated ground state energy
on the Kagome´ lattice at the isotropic point ∆ = hz,x = 0 is Eg = −0.5309. Finite
temperature QMC simulation ‡ for a relatively large cluster V = 24 × 24 × 3 spins at
inverse-temperature β = 100 gives Eg = −0.5359(2), in good agreement with linear spin
wave theory. For the triangular lattice, linear spin wave theory gives Eg = −0.7791 [21];
there is no QMC result in this case.
2.5. Particle and condensate densities
We now study the ground state properties of Eq. 3 by probing the sublattice
magnetizations, which will quantify the strengths of quantum fluctuations in this
model. We first analyze the Kagome´ lattice, the triangular lattice follows a similar
pattern. For the Kagome´ lattice, the sublattice magnetizations are equivalent, the total
magnetizations per site are given by
〈Sz〉 = − 1
SN
∂ESW (hz, hx = 0)
∂hz
, (20)
〈Sx〉 = − 1
SN
∂ESW (hz, hx)
∂hx
∣∣∣∣
hx=0
. (21)
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Figure 5. Color online. The spin wave condensate density ρ0 against the particle
density ρ on the Kagome´ lattice at hx = ∆ = 0 and S = 1/2.
Using Eq. 19 we obtain
〈Sz〉 = S cosϑc + cosϑc
2ζ
1
N
∑
kα
(A˜kα − B˜kα)ωkα
˜kα
. (22)
To linear order in hx we find
〈Sx〉 = S sinϑc − cos
2 ϑc
2ζ sinϑc
1
N
∑
kα
(A˜kα − B˜kα)ωkα
˜kα
(23)
− 1
2 sinϑc
1
N
∑
kα
[A˜kα
˜kα
− 1
]
.
where A˜kα = Akα(hx = 0), etc. As seen in Eqs. 22 and 23, the denominator in these
expressions correspond to the gapped energy spectrum. We define the particle density
ρ and the “condensate density” at kΓ = 0 as ρ = S + 〈Sz〉 and ρ0 = 〈Sx〉2 respectively.
In LSWT we find
ρ0 = (S sinϑc)
2 − S cos
2 ϑc
ζ
1
N
∑
kα
(A˜kα − B˜kα)ωkα
˜kα
(24)
− S 1N
∑
kα
[A˜kα
˜kα
− 1
]
.
The corresponding expressions for the triangular lattice are similar to the Kagome´
lattice without the sublattice summation. Figure 5 shows the plot of the condensate
against the particle density at ∆ = 0 (isotropic Z2-invariant XY model) for on the
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Figure 6. Color online. The plot of the classical and the spin wave quantum
susceptibilities as a function of ∆ for the Kagome´ lattice at S = 1/2.
Kagome´ lattice. At half filling (ρ = 0.5 or hx,z = ∆ = 0), the estimated values of
the order parameter for the Kagome´ lattice is 〈Sx〉 = 0.4829 and ρ0 = 〈Sx〉2. Finite
temperature QMC simulation ‡ for a relatively large cluster V = 24 × 24 × 3 spins at
inverse-temperature β = 24 gives 〈Sx〉 = 0.4785(2). For the triangular lattice, linear spin
wave theory gives 〈Sx〉 = 0.4902, which is closer to the mean-field value 〈Sx〉 = 0.5000,
there is no QMC result in this case. Clearly, the gapped energy spectrum of Eq. 23
enhances the thermodynamic quantities.
The out-of-plane magnetic susceptibility, χzz, is another important measurable
quantity as it relates to the compressibility of bosons. It is given by
χzz =
1
S
∂〈Sz〉
∂hz
∣∣∣∣
hz=0
. (25)
We find
χzz = χ
c
zz +
1
4ζ2(1 + ∆)S
1
N
∑
kα
(A¯kα − B¯kα)ωkα
¯kα
, (26)
where χczz = [2ζ(1 + ∆)]
−1 is the classical susceptibility and A¯kα = Akα(hx,z = 0),
etc. The plot of χczz and χzz as a function of ∆ are shown in Fig. 6 for the Kagome´
lattice. The triangular lattice has a similar trend. The classical and the quantum
susceptibilities coincide as ∆→ 1, corresponding to the fully polarized Sx-ferromagnet.
The estimated values of χzz at the isotropic Z2-invariant limit, ∆ = 0 for the Kagome´ is
χzz = 0.2807. Finite temperature QMC simulation ‡ for a large cluster V = 24× 24× 3
spins at inverse-temperature β = 24 gives χzz = 0.2785(2). For the triangular lattice,
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Figure 7. Color online. The plot of the off-diagonal form factor F±(k) for the two
dispersive bands on the Kagome´ lattice at S = 1/2; ∆ = hx,z = 0.
linear spin wave theory gives χzz = 0.1799, and the mean-field value χzz = 1/6;
again there is no QMC result in this case. In contrast to the U(1)-invariant model
[10, 12, 14, 11, 15, 16, 13, 17, 18], we see that quantum fluctuation increases the classical
susceptibility away from ∆ = 1.
2.6. Dynamical structure factors
Furthermore, we explore the nature of the quantum Kagome´ ice hardcore bosons by
studying the dynamical structure factor, which is an important quantity in experiments
for characterizing the ground state properties of a quantum system. The spin structure
factor is given by the Fourier transform of the equal-time spin-spin correlation function
Sµν(k) = 1N
∑
l,m
eik·(rl−rm)〈Sµl Sνm〉, (27)
where µ, ν = (x, y, z) label the components of the spins and Sµl =
∑
α S
µ
lα on the Kagome´
lattice, α labels the sublattices. We restrict the calculation of the structure factors to
the case of half-filling (ρ = 0.5) or zero magnetic fields ( hx,z = 0).
The momentum distribution is related to the off-diagonal static structure factor
S±(k). We have 〈S+l S−m〉 = 〈Sxl Sxm〉 + 〈Syl Sym〉 + 〈Szl 〉δlm. At hx,z = 0, θ = pi/2,
hence rotation about the y-axis gives Sxl → S ′zl , Szl → −S ′xl , and Syl → S ′yl . The
off-diagonal structure factor in the rotated coordinate up to order S is given by
S±(k) = 〈S ′zk S ′z−k〉 + 〈S ′yk S ′y−k〉. At kΓ = 0, S±(k) is related to the order parameter
by ρ0 = S±(kΓ)/N as N →∞. For the Kagome´ lattice we find that the off-diagonal
structure factor for k 6= kΓ and the out-of-plane structure factor are given by
S±(k) =
∑
µ
F±µ (k), Szz(k) =
∑
µ
F zzµ (k), (28)
where F±µ (k) = S(uµk + vµk)2/2
∑
αα′ Uµα(k)Uµα′(k) and F zzµ (k) = S(uµk −
vµk)
2/2
∑
αα′ Uµα(k)Uµα′(k). For the triangular lattice, the explicit expressions are
Quantum Kagome´ ice hardcore bosons 11
Figure 8. Color online. The plot of the out-of-plane form factor Fzz(k) for the two
dispersive bands on the Kagome´ lattice at S = 1/2; ∆ = hx,z = 0.
Figure 9. Color online. The plot of the off-diagonal structure factor S±(k) and out-
of-plane structure factor Szz(k) for the triangular lattice at S = 1/2; ∆ = hx,z = 0.
S±(k) = S
2
(uk + vk)
2 =
S
2
(
Ak +Bk√
A2k −B2k
)
, (29)
Szz(k) = S
2
(uk − vk)2 = S
2
(
Ak −Bk√
A2k −B2k
)
. (30)
The denominator of Eqs. 29 and 30 correspond to the energy spectrum, which is
gapped in the entire Brillouin zone. In Figs. 7 and 8 we have shown the off-diagonal
form factor F±(k) and the out-of-plane form factor F zz(k) for the two dispersive bands
on the Kagome´ lattice. Figure 9 shows the off-diagonal and the out-of-plane structure
factors on the triangular lattice. The solid hexagons denote the respective Brillouin
zones for the two lattices. For the Kagome´ lattice, the momentum distribution shows
noticeable non-divergent sharp peaks at the center and corners of the Brillouin zones,
whereas for the triangular lattice we observe non-divergent peaks at QK = (±4pi/3, 0)
and symmetry related points. This is due to the roton minima of the excitation spectrum
in at QK = (±4pi/3, 0) as opposed to a divergent peak at kΓ = 0 in the U(1)-invariant
Quantum Kagome´ ice hardcore bosons 12
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Figure 10. Color online. The plot of the structure factors in Eqs. 31 and 32 as a
function of ∆ at hx,z = 0, S = 1/2.
model [10, 11, 12, 13]. On the other hand, the out-of-plane structure factor, Szz(k),
shows a non-divergent sharp peak at kΓ = 0. At QK = (±4pi/3, 0) and QΓ = (0, 0) we
have
S±(QK) = S
√
1 + ∆
2(1 + 3∆)
, (31)
Szz(QΓ) = S√
2(1 + ∆)
. (32)
Figure 10 shows the trend of S±(QK) and Szz(QΓ) as a function of ∆.
3. Conclusion
We have shown that linear spin wave theory works remarkably well in the description
of the quantum Kagome´ ice hardcore bosons. Due to the Z2-invariance of the quantum
Kagome´ ice hardcore boson model, the excitation spectra is fully gapped at all momenta
and the resulting occupation number is very small. The gapped nature of the excitation
spectrum enhances the estimated values of the thermodynamic quantities. We showed
that these values are in very good agreement with finite temperature quantum Monte
Carlo (QMC) simulations. We observed Bragg peaks in the structure factors at the
center and corners of the Brillouin zone for the Kagome´ lattice. This is a special feature
of the Z2-invariance of the Hamiltonian. For the triangular lattice, we also observed
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Bragg peaks in the structure factors at the corners of the Brillouin zone. These are
consequences of the roton minimum in the energy spectrum. Although we have partially
studied this model numerically, the results presented in this paper are sufficient to
understand the nature of the quantum Kagome´ ice hardcore bosons. However, it would
be interesting to explore other properties of this model by an explicit zero temperature
QMC analysis.
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